Abstract -The instability of a fluid inside a precessing cylinder is studied theoretically and experimentally. This study is motivated by aeronautics and geophysics applications. Precessional motion forces hydrodynamics waves called Kelvin modes whose structure and amplitude are predicted by a linear inviscid theory. When a forced Kelvin mode is resonant, a viscous and weakly nonlinear theory has been developed to predict its saturated amplitude. We show that this amplitude scales as Re 1/2 for low Reynolds numbers and as θ 1/3 (where θ is the precessing angle) for high Reynolds numbers. These scalings are confirmed by PIV measurements. For Reynolds numbers sufficiently large, this forced flow becomes unstable. A linear stability analysis based on a triadic resonance between a forced Kelvin mode and two free modes has been carried out. The precessing angle for which the flow becomes unstable is predicted and compared successfully to experimental measurements. A weakly nonlinear theory was developed and allowed to show that the bifurcation of the instability of precession is subcritical. It also showed that, depending on the Reynolds number, the unstable flow can be steady or intermittent. Finally, this weakly nonlinear theory allowed to predict, with a good agreement with experiments, the mean flow in the cylinder; even if it is turbulent.
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Introduction
The knowledge of the flow forced by a precessional motion is of critical importance in several domains. In aeronautics, a flying object whose liquid propellant is forced by precession can have its trajectory dangerously modified. In geophysics the Earth precession modifies the flow of its liquid core and is therefore of significative importance in understanding the dynamo effect (among other effects such as convection, boundary layers, elliptic or tidal instability [1] ).
Experiments such as the one carried out by McEwan [2] clearly show that the container precession forces a flow which can be decomposed as a sum of inertial waves (also called Kelvin modes). For low Reynolds numbers this flow is stable. For large Reynolds numbers it becomes unstable and can degenerate into a turbulent flow. This behavior was also reported by Manasseh [3] [4] [5] , and Kobine [6] . Among several scenarios, Kerswell [7] suggested that a given Kelvin mode can trigger a triadic resonance with two other Kelvin modes leading to an instability. We have demonstrated that this mechanism of triadic resonance between Kelvin modes (which bears similarity with the elliptic instability [8, 9] ) is indeed responsible of the instability of precession.
The paper is organized as follows. Section 2 is dedicated to a presentation of the problem. Parameters and dimensionless numbers are introduced and a short presentation of the experimental set-up is described. In Section 3 the base flow, ie. the flow before the instability, is presented. Classical results concerning a non-resonant flow are recalled and extended in the case of a resonant flow. In Section 4 the instability is experimentally presented and a linear stability analysis is described. Finally, a weakly nonlinear theory is developed in Section 5 in order to explain the transition from an unstable and stationary flow to an unstable and intermittent flow.
Presentation of the problem
The flow inside a precessing cylinder of height H and radius R, full of fluid of kinematic viscosity ν is considered. This cylinder rotates at the angular frequency Ω 1 around its axis. It is mounted on a platform which rotates at the angular frequency Ω 2 as shown in Figure 1 . The angle between the two axes of rotation is the precession angle θ. In the following, variables are made dimensionless by using R and Ω = Ω 1 + Ω 2 cos θ as characteristic length and frequency. The dynamics of this precessing system depends on four dimensionless numbers:
-the aspect ratio h = H/R; -the frequency ratio ω = Ω 1 /Ω; -the Rossby number Ro = Ω 2 sin θ/Ω; -the Reynolds number Re = ΩR 2 /ν.
An experimental set-up was built in the laboratory, allowing Particle Image Velocimetry (PIV) measurements of the velocity fields in a transverse section of the cylinder. To perform the acquisition of a PIV field, small markers illuminated with a thin light sheet created by a Yag pulsed laser were used. Particle images were recorded by a camera mounted on the rotating platform. The horizontal velocity and the axial vorticity fields in the cylinder frame of reference were thus measured. More details about PIV treatment can be found in [10] and a precise description of the experimental set-up is given in [11] .
3B a s efl o w
In Figure 2a the axial flow vorticity is showed in the cylinder reference frame for a small Rossby number: Ro =0 .0031, and a moderate Reynolds number: Re = 3500. Two counter rotating vortices are observed. It corresponds to a Kelvin mode which is forced by precession. Owing to the time and azimuthal dependence of the precession forcing, this Kelvin mode has an azimuthal wavenumber m = 1 and an angular frequency ω (see [12] ). Its velocity field is
where A is the amplitude, c.c denotes the complex conjugate and
In this expression J 1 (r) is the Bessel function of the first kind and J ′ 1 (r)i t sr-derivative. The parameter δ satisfies the constitutive relation
where the axial wavenumber k depends on ω according to the following dispersion relation with m =1
At a given ω this dispersion relation has an infinite number of solutions. Each solution corresponds to a Kelvin mode forced at the frequency ω. The Kelvin mode showed in Figure 2 is the first Kelvin mode. It corresponds to the mode with the smallest axial wavenumber k.
A classical linear and inviscid theory can predict the amplitude A of a forced Kelvin mode. This theory shows that A ∼ Ro and depends on ω. However, when the mode is resonant (i.e. k = nπ/h,w i t hn an odd number) its amplitude A diverges. A viscous [13] and weakly nonlinear [11] theory is then necessary to predict the amplitude saturation. Figure 2b represents the saturation of the first Kelvin mode as a function of Re for its first three resonances. We showed [11] [11] are in good agreement with PIV measurements represented by symbols in Figure 2b .
Instability
As shown in the literature [5, 6] , the flow inside a precessing cylinder becomes unstable when the Reynolds or the Rossby number is increased. Figure 3 is a PIV measurement of the axial and instantaneous vorticity field for Re = 6500 and Ro =0 .0031. For such a value of Re and Ro the flow depicted in Figure 2a is unstable and the unstable mode exhibits a ring with 10 lobes of vorticity with alternate signs. It corresponds to a free Kelvin mode with azimuthal wavenumber m 1 = 5. Its velocity field is
where
In (5)a n d( 6), ω 1 is the dimensionless frequency of the mode m 1 =5a n dk 1 its axial wavenumber. The parameter δ 1 satisfies the constitutive relation (3)w i t hω 1 and k 1 instead of ω and k. Parameters ω 1 and δ 1 also satisfy the dispersion relation (4)w i t hm =5. If the position of the PIV laser sheet is moved from z = h/4t oz = 0 (mid-height of the cylinder) a second free Kelvin mode is observed. It exhibits 12 lobes of vorticity with alternate signs and thus corresponds to a free Kelvin mode whose azimuthal wavenumber is m 2 =6.Its velocity field is where
In (7)a n d( 8), ω 2 is the dimensionless frequency of the mode m 2 =6a n dk 2 its axial wavenumber. The parameter δ 2 satisfies the constitutive relation (3)w i t hω 2 and k 2 instead of ω and k. Parameters ω 2 and δ 2 also satisfy the dispersion relation (4)w i t hm =6. The frequencies of the two free Kevin modes shown in Figure 3 were experimentally measured and their axial wavenumbers were deduced. We have demonstrated that the resonant base flow and the free Kelvin modes satisfy the resonant condition m 2 − m 1 =1 ,ω 2 − ω 1 = ω and k 2 − k 1 = k. This corresponds to a mechanism of triadic resonance between the three Kelvin modes.
More information about experimental results presented here can be found in [14] .
To better confirm this mechanism of triadic resonance, a linear stability analysis has been developed. The first step is to find the free Kelvin modes satisfying the resonant condition. They correspond to the crossing points of the two dispersion relations shown in Figure 4a . When these points are determined, the structure of the associated free Kelvin modes is known. Then, because of a solvability condition, equations of evolution for the amplitudes A 1 and A 2 of the two free Kelvin modes can be obtained. If the base flow is a forced Kelvin mode of amplitude A, these equations are
where |.| is the determinant and the scalar product ⊙ between two vectors U 1 =( U 1r ,U 1ϕ ,U 1z )a n dU 2 = (U 2r ,U 2ϕ ,U 2z ) being defined as
× r dr dϕ dz (12) The terms analytically calculated (see Kudlick [15] for the peculiar case of a Kelvin mode with an azimuthal wavenumber m =1andwithω =1). Looking for A 1 and A 2 with exponential time dependence e σt , the equation for the growth rate σ is the following The inviscid growth rate of the instability is then σ = |A| √ N 1 N 2 . The study of the signs of N 1 and N 2 (given by (10)a n d ( 11)) shows that the free Kelvin modes associated to a crossing point between branches of the dispersion relation with same monotony cannot lead to an instability. This fact was underlined using energetic methods by [16] .
Including viscous effect in the calculus of σ we showed that for h =1 .62 and ω =1 .18 (first resonance of the first Kelvin mode) the interaction between free Kelvin modes with azimuthal wavenumbers equals 5 and 6 are the most unstable, as observed in the experiments. We also plotted the stability diagram in the plane (Re,Ro)in Figure 4b . It shows (green solid curve) that the critical Rossby number scales as Re −3/2 for Re ≪ 3000 and as Re −1 for Re ≫ 3000. These two scale factors were well confirmed by PIV measurements.
Weakly nonlinear theory
It is possible to add nonlinear interactions between the different modes. It results in a supplementary mode with a cylindrical symmetry and whose structure, determined experimentally, is
In this expression A 0 is the amplitude of the geostrophic mode, d 2 is the second root of J 5 (i.e. d 2 =1 2 .339) and u ϕ is the unit vector of the cylindrical base. This mode is essential because it saturates the growth rate of the instability thanks to 'detuning' effects. The dynamics of the precessing flow is then entirely determined by the following amplitude equations Terms ξA 0 A, ξ 1 A 0 A 1 and ξ 2 A 0 A 2 are the 'detuning' effects mentioned previously. They can be calculated analytically (see [11] ). Terms χ 1 |A 1 | 2 and χ 2 |A 2 | 2 represent the nonlinear interactions of a free Kelvin mode with itself. They were assumed to be equal and they were fitted from experiments (χ 1 = χ 2 = 10 000).
A numerical solution of (15)i ss h o w ni nF i g u r e5a. Parameters are given in Table 1 .Figure5arepresen tsthe temporal evolution of A 1 as a function of the Reynolds number, for h =1 .62 and ω =1 .18. For a Reynolds number slightly over the threshold, the instability saturates and the amplitudes (A 1 but also A, A 2 and A 0 ) are stationary. Amplitudes become intermittent when the Reynolds number is increased, and the dynamics can even be chaotic for very high Reynolds numbers. This dynamics was confirmed by experiments (Fig. 5b) . The resolution of (15) also showed that the instability is subcritical (Fig. 5b) . Experimentally, we were not able to verify the nature of the bifurcation because it would require to vary the precessing angle with 1/100-degree increments.
For high Re, the theory showed that the fixed point of the amplitude equations only depends on ReRo (Fig. 6) . The amplitude A 1 (resp. A)s c a l e sa sRo 1/4 (resp. Ro 1/2 ) for high ReRo. By comparing this fixed point with the experimental mean value of the amplitudes ( A et A 1 ) , we observed that the scalings are preserved and remain pertinent even if the flow becomes turbulent.
6C o n c l u s i o n
Particle Image Velocimetry measurements showed that the fluid dynamics inside a precessing cylinder consists in a stable flow for low Reynolds numbers and an unstable flow for larger Reynolds numbers. The stable flow can be predicted by a linear inviscid model and is shown to be a superposition of Kelvin modes. In the peculiar case of a resonant flow, a viscous and weakly nonlinear theory was developed to predict the amplitude saturation of the resonant Kelvin mode. This theory was confirmed by experimental results.
For larger Reynolds numbers, the structure of the unstable flow was measured using PIV. It was demonstrated that the mechanism of the precession instability is a triadic resonance between the forced base flow and two free Kelvin modes. A stability analysis based upon a this mechanism allowed to predict the most unstable free K e v i nm o d e sa n dt oo b t a i na na n a l y t i c a le x p r e s s i o nf o r the growth rate. A stability diagram was also established in good agreement with experiments.
A weakly nonlinear analysis has also been carried out to take into account the interaction between the Kelvin modes. It showed that a geostrophic mode appears whose effect is to saturate the instability and that the bifurcation of the precession instability is subcritical. It also showed that, depending on the Reynolds number, the unstable flow can be steady or intermittent. Finally, the fixed point of the nonlinear amplitude equations allowed to predict correctly the scaling of the mean value mode amplitudes. Although this weakly nonlinear theory is based on a limited number of modes, it gives remarkable good results when compared to the experiments, even if the flow appears turbulent in this case.
